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Abstract. We propose a lattice field theory formulation which overcomes some funda-
mental difficulties in realizing exact supersymmetry on the lattice. The Leibniz rule for
the difference operator can be recovered by defining a new product on the lattice, the
star product, and the chiral fermion species doublers degrees of freedom can be avoided
consistently. This framework is general enough to formulate non-supersymmetric lattice
field theory without chiral fermion problem. This lattice formulation has a nonlocal na-
ture and is essentially equivalent to the corresponding continuum theory. We can show
that the locality of the star product is recovered exponentially in the continuum limit.
Possible regularization procedures are proposed.The associativity of the product and the
lattice translational invariance of the formulation will be discussed.
1 Introduction
We have been asking ourselves the following question: "If we stick to keeping exact supersymmetry
(SUSY) on the lattice, what kind of lattice formulation are we led to ?" There have been several pro-
posals but they have not been completely successful as general formulations[1–17]. There are several
difficulties towards exact lattice supersymmetry which are of fundamental nature and intertwined with
each other and thus not easy to solve at the same time. In particular it is difficult to keep SUSY and
gauge invariance exactly at the same time for all super charges. We find a possible answer to our
question by introducing on the lattice a new type of product, the star product which is nonlocal in
nature but recovers locality exponentially in the continuum limit. Our lattice formulation based on the
star product turns out to be equivalent to the continuum theory and thus it still needs regularization as
we shall discuss in the end. The details of the formulation is given in [18].
2 Difficulties of lattice SUSY and the possible solutions
Let us consider the simplest possible SUSY algebra in one dimension.
Q2 = i∂ (1)
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There are two fundamental difficulties in formulating exact SUSY on the lattice.
i) Breakdown of the Leibniz rule for the difference operator.
ii) Chiral fermion species doubler problem.
In order to establish SUSY algebra on the lattice it is natural to replace the derivative operator by a dif-
ference operator. There is however an ambiguity in choosing which difference operator we introduce
among forward, backward, symmetric difference operators. We claim Hermiticity requires symmetric
difference operator as the lattice difference operator. In other words the momentum representation of
lattice translation generator should be real:
i∂ψ(x)→ i∂ˆψ(x) ≡ iψ(x + a) − ψ(x − a)
2a
→ sin ap
a
ψ(p), (2)
where a is the lattice constant and p is the lattice momentum. The symmetric difference operator
satisfies the following shifted Leibniz rule for the product of two fields:
∂ˆ(ψ(x)χ(x)) = ∂ˆψ(x)χ(x − a) + ψ(x + a)∂ˆχ(x) = ∂ˆψ(x)χ(x + a) + ψ(x − a)∂ˆχ(x). (3)
Eq.(3) shows the breaking of the Leibniz rule for the difference operator and this is inconsistent with
the super algebra (1) if Leibniz rule is assumed for Q on the lattice.
Naive fermion formulation on the lattice generates species doublers degree of freedom so the
number of physical fermions will be increased compared to the number of bosons and this generates
another source of SUSY breaking. In general this second difficulty ii) is considered to be a separate
issue since chiral fermion problem for QCD is solved so that we may use the same method for the
formulation of lattice SUSY. We, however, claim that exact SUSY on the lattice cannot be preserved
unless the boson and fermion propagators have also on the lattice the simple relation (Dbos = D
2
fer)
that they have in the continuum. Thus the second difficulty should be treated together with i). In
fact we claim that the difficulties i) and ii) are fundamentally related. We need to solve these two
difficulties at the same time.
It is natural to consider i∂ˆ defined in (2) as a generator of lattice translation. As one can see it
generates a two steps lattice translation. It is natural to consider that physical states should be the
eigenstates of the lattice translation generator. One can easily recognize that simple eigenstates of the
translation generator (2) are:
ψ = C, ψ′ = C′(−1)n, (4)
where C and C′ are constant and x = na (n: integer) is lattice coordinate. The alternating sign state
corresponds to a high frequency part in momentum space and thus corresponds to a species doubler
state. We claim that we need to introduce single lattice translation generator since the lattice constant
is the minimum unit of translation. It is then natural to introduce half lattice structure to accommodate
alternating sign state where now lattice coordinate is x = na/2. It is then a natural question: "What
is the half lattice translation generator ?" From the SUSY algebra (1) it is most natural to identify
that the half lattice translation is lattice SUSY transformation. In fact we found that this algebraic and
geometrical correspondence works for lattice superfield where the alternating sign (−1) 2xa interchanges
bosons and fermions and plays a crucial role in the SUSY transformation[16][17].
For example in one dimension we introduce bosonic and fermionic lattice fields Φ˜(p) and Ψ˜(p) in
momentum representation to accommodate fermion species doublers and the bosonic counter parts to
balance the degrees of freedom. We find the following N = 2 SUSY transformation in one dimension:
Q1Φ˜(p) = i cos
ap
4
Ψ˜(p), Q1Ψ˜(p) = −4i sin ap4 Φ˜(p),
Q2Φ˜(p) = cos
ap
4
Ψ˜
(
2pi
a
− p
)
, Q2Ψ˜
(
2pi
a − p
)
= 4 sin ap4 Φ˜(p), (5)
which satisfies the N = 2 SUSY algebra:
Q21 = Q
2
2 = 2 sin
ap
2
, {Q1,Q2} = 0, (6)
where a dimensionless translation generator 2 sin ap2 is used here for simplicity. In this one dimen-
sional N = 2 model there are two fermions in the lattice field Ψ˜(p); a particle state at p = 0 and the
species doubler at p = 2pia . In the boson sector we have corresponding counter part of fermions at each
momentum region. In this way fermionic species doubler and their bosonic counter part constitute
the super multiplet of N = 2 SUSY algebra[16][17]. We consider this is one possible solution of the
second problem: (A) The fermionic species doublers and the bosonic counterparts are identified as
super partners.
As we can see in (5) we can construct the exact N = 2 SUSY algebra in the momentum space.
In constructing the action we impose SUSY invariance up to the surface terms. Cancellation of the
surface terms in the coordinate space can be translated into the total momentum conservation in the
momentum space. In order to keep the algebraic structure of SUSY exact in the momentum space
it is natural to identify the momentum representation of the translation generator as the conserved
momentum. In other words we replace the lattice momentum conservation with the conservation of a
single lattice translation generator:
δ(p1 + p2 + · · · )→ δ
(
2
a
sin
ap1
2
+
2
a
sin
ap2
2
+ · · ·
)
. (7)
It turns out that this replacement solves the difficulty of the lattice Leibniz rule i). This type of
replacement was first suggested by Dondi and Nicolai in their pioneering work of lattice SUSY in
[1], where the conservation of a two step lattice translation generator sin apa was proposed. In our
proposal we have introduced a half lattice structure to accommodate the geometric and algebraic
correspondence of lattice SUSY transformation[16, 17].
If we express the product of two fields Φ1(x) · Φ2(x) in the momentum space this leads to a
convolution of two fields:
Φ˜1(p) · Φ˜2(p) = 12pi
∫
dp1dp2δ(p − p1 − p2)Φ˜1(p1)Φ˜2(p2). (8)
If we replace the momentum conservation with (7) the product is changed from the normal product to
a ?-product:
Φ˜1(p) ? Φ˜2(p) =
1
2pi
∫
dp1dp2δ(pˆ − pˆ1 − pˆ2)Φ˜1(p1)Φ˜2(p2), (9)
where pˆi = 2a sin
api
2 . It is important to realize that the conservation of the lattice translation generator
leads to the lattice Leibniz rule for the new ?-product:
pˆ(Φ˜1(p) ? Φ˜2(p)) =
1
2pi
∫
dp1dp2δ( pˆ − pˆ1 − pˆ2)(pˆ1Φ˜1(p1)Φ˜2(p2) + Φ˜1(p1) pˆ2Φ˜2(p2)), (10)
where pˆi = 2a sin
api
2 is nothing but a momentum representation of the difference operator.
By parametrizing the delta function in (9) we obtain the explicit presentation of the ?-product in
coordinate space:
(Φ1 ? Φ2)
(na
2
)
=
∑
n1,n2
K(n, n1, n2)Φ1
(n1a
2
)
Φ2
(n2a
2
)
, (11)
where
K(n, n1, n2) =
∫ ∞
−∞
dλJ∆
(
λ,
na
2
)
J∆
(
λ,
n1a
2
)
J∆
(
λ,
n2a
2
)
. (12)
Here J∆ is Bessel function:
J∆
(
λ,
na
2
)
=
a
2
∫ 4pi
a
0
dp
2pi
e−i
(
n ap2 −λ a∆(p)2
)
, (13)
where ∆(p) = pˆ = 2a sin
ap
2 . As we can recognize the star product has a nonlocal nature.
If we express eq. (10) in coordinate space we can recognize that the single lattice translation dif-
ference operator satisfies exact Leibniz rule on the star product of fields, and thus the first difficulty
i) is clearly solved. We can now construct actions of Wess-Zumino models for N = 2 in one and two
dimensions, which have exact lattice SUSY using the star product of fields[16][17]. In the one dimen-
sional Wess-Zumino model species doublers of fermion and boson are identified as super multiplets
of N = 2 SUSY algebra. On the other hand in the two dimensional Wess-Zumino model[17] chiral
conditions require the truncation of species doubler degrees of freedom:
Φ˜A(p1, · · · , p j, · · · , pd) = Φ˜A(p1, · · · , 2pia − p j, · · · , pd), ( j = 1, · · · , d), (14)
where A denotes both fermions and bosons and d = 2 in two dimensions. In particular in the case of
fermions we have identified the fermion with zero momentum and its species doubler
(
p = 2pia
)
. This
is possible since species doubler has the same helicity as the one at the zero momentum due to the
sign change of lattice momentum at 2pia :
d∆(p)
dp
|p=0 =
d∆( 2pia − p)
dp
|p= 2pia . (15)
We identify this is the case (B) in contrast with (A): the identification of doublers as super partners.
It is interesting to recognize at this stage that the truncation of the species doubler d.o.f. of
fermions and of their bosonic counter parts can be systematically realized by imposing the condi-
tion (14) irrespective of chiral conditions. In other words even for a non SUSY formulation we can
eliminate the extra d.o.f. of fields by introducing the half lattice structure and by truncating species
doubler d.o.f. in each direction of dimensions. This can be well understood if we look into the
coordinate version of the truncation condition (14):
ΦA
(n1a
2
, · · · ,−n ja
2
, · · · , nda
2
)
= (−1)n jΦA
(n1a
2
, · · · , n ja
2
, · · · , nda
2
)
, ( j = 1, · · · , d). (16)
This condition also suggests that we only need to consider the first quadrant of coordinate space which
has boundaries. This suggest naive breaking of lattice translational invariance of the formulation.
There may also appear a worry that the lattice translational invariance is lost by changing lattice
momentum conservation to ∆(p) momentum conservation in (9). However the translational invariance
of action is not lost but it is represented by infinitesimal transformations of the fields generated by
∆(p),
δ ϕ˜A(p) = µ∆(pµ)ϕ˜A(p), (17)
where µ is infinitesimal parameter.
We can thus conclude this section by remarking that the solution for the difficulties of lattice
SUSY formulation i) and ii) have been obtained. The identification of the conserved momentum with
the single lattice difference operator solves the Leibniz rule problem with the introduction of a new
star product. The introduction of the half lattice structure accompanied by the truncation condition
(14) solves the second problem.
3 Breakdown of associativity and its recovery in the star product
In order to formulate exact lattice SUSY it is enough to solve the difficulties i) and ii). In fact we
found a formulation of the N = 2 Wess-Zumino models in one and two dimensions which have exact
SUSY on the lattice[16, 17]. It has been also confirmed that SUSY on the lattice is preserved even at
the quantum level[19]. It has, however, been recognized that associativity for the ?-product is broken:
(Φ˜1 ? (Φ˜2 ? Φ˜3))(p)
=
∫
dp23
∫
dp1
∫
dp2
∫
dp3 ˜˜Φ1(p1) ˜˜Φ2(p2) ˜˜Φ3(p3)δ( pˆ23 − pˆ2 − pˆ3)δ( pˆ − pˆ1 − pˆ23)
,
∫
dp12
∫
dp1
∫
dp2
∫
dp3 ˜˜Φ1(p1) ˜˜Φ2(p2) ˜˜Φ3(p3)δ( pˆ12 − pˆ1 − pˆ2)δ( pˆ − pˆ3 − pˆ12)
= ((Φ˜1 ? Φ˜2) ? Φ˜3)(p) (18)
where pˆi = 2a sin
api
2 . This is because there is a region of phase space where the following domains (1)
and (2) do not overlap:
(1) | pˆi| < 2a , | pˆ2 + pˆ3| <
2
a
, | pˆ1 + pˆ2 + pˆ3| < 2a
(2) | pˆi| < 2a , | pˆ1 + pˆ2| <
2
a
, | pˆ1 + pˆ2 + pˆ3| < 2a . (19)
It is interesting to realize that the breakdown of associativity does not affect exact SUSY invari-
ance on the lattice for non-gauge Wess-Zumino models. On the other hand the breakdown of the
associativity for the ?-product makes it difficult to extend this formulation to gauge theories since
associativity is crucial for the gauge invariance proof as we can see in the following example:
Φ†(x) ? Φ(x)→ (Φ†(x) ? e−iα(x)) ? (eiα(x) ? Φ(x))
, Φ†(x) ? (e−iα(x) ? eiα(x)) ? Φ(x) = Φ†(x) ? Φ(x). (20)
In order to recover the associativity for the ?-product we notice that if momenta pˆi does not have
upper limit in (18); then 2a is replaced by ∞ in (19) and associativity is recovered. For this reason we
tried to find an alternative lattice translation generator ∆(p) with the following properties:
1) ∆(−p) = −∆(p),
2)
a
2
∆(p) =
ap
2
+ O
((ap
2
)3)
,
3) ∆(p) has to cover twice the whole real axis as p goes through the
4pi
a
period.
4) ∆(p) = ∆
(
2pi
a
− p
)
, lim
p→± pia
∆(p) = ±∞. (21)
We found an almost unique solution:
pˆ = ∆G(p) =
1
a
log
1 + sin ap2
1 − sin ap2
. (22)
This is the inverse Gudermannian function and it has the following nice expansion:
a
2
∆G(p) = 2
[
sin
ap
2
− 1
3
sin
3ap
2
+
1
5
sin
5ap
2
− 1
7
sin
7ap
2
+ · · ·
]
, (23)
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Figure 1. Plot of the Inverse Gudermannian function gd−1(x) in the fundamental interval (−pi, pi)
which in coordinate representation is a sum over all odd half integer multiple of difference operators:
∆GΦ(x) =
2
a
∞∑
k=1
(−1)k+1
2k − 1
[
Φ
(
x +
(2k − 1)a
2
)
− Φ
(
x − (2k − 1)a
2
)]
, (24)
and so it is intrinsically nonlocal in nature. In fig.1 we show plot of the inverse Gudermannian function
gd−1(x) =
1
2
log
1 + sin x
1 − sin x , (25)
As we can see from the figure there is a species doubler at x = ap2 = pi.
It is important to note that the condition 4) is crucial to keep the symmetry of the whole action
under the equivalence of (14) together with the condition (15). In conclusion we have found a lattice
field theory formulation which avoids all the difficulties to fulfill exact lattice SUSY:
i) Difference operator satisfies exact Leibniz rule on ?-product.
ii) No chiral fermion doublers by truncation of the doublers d.o.f.
iii) Associativity is satisfied for the ?-product.
It turns out that this nonlocal lattice field theory formulation is equivalent to the corresponding con-
tinuum theory. How comes that this is possible ?
Let us consider the normal product of two fields Φ˜1(p) and Φ˜2(p) which is expressed by a convo-
lution in the momentum space:
˜Φ1 ? Φ2( pˆ) =
2
pi
∫ ∆G( pia )
∆G(− pia )
dpˆ1dpˆ2Φ˜1( pˆ1)Φ˜2(pˆ2)δ ( pˆ − pˆ1 − pˆ2) , (26)
where pˆi = ∆G(pi) and ∆G(± pia ) = ±∞. The ?-product at this stage is the same as the normal product
as it can be seen by simply changing the integration variables:
f (p)
1
f (p)
dpˆ
dp
˜Φ1 ? Φ2( pˆ) =
dpˆ
dp
2
pi
∫ pi
a
− pia
dp1dp2 f (p1)
1
f (p1)
dpˆ1
dp1
Φ˜1( pˆ1) f (p2)
1
f (p2)
dpˆ2
dp2
Φ˜2( pˆ2)δ (pˆ − pˆ1 − pˆ2) . (27)
This relation can be replaced by the following equivalent relation:
f (p) ˜ϕ1 ? ϕ2(p) =
2
pi
∫ pi
a
− pia
dp1dp2
d∆G(p)
dp
f (p1)ϕ˜1(p1) f (p2)ϕ˜2(p2)δ (∆G(p) − ∆G(p1) − ∆G(p2)) ,
(28)
where we identify the lattice wave function as:
ϕ˜i(pi) =
1
f (pi)
d∆G(pi)
dpi
Φ˜i(∆G(pi)), −pia ≤ pi ≤
pi
a
. (29)
with pˆi = ∆G(pi). As one can see from (29) the lattice field ϕ˜(pi) is defined up to a renormalization
factor f (pi). The factor
d∆G(pi)
dpi
= 1cos ap2
plays a role of compensating the argument of delta function
linear in p: δ(p − · · · ).
The fact that the lattice and the continuum fields may be related by eq.(29) and that under this
correspondence the field product of the continuum theory becomes the star product (28) on the lattice
is highly non trivial. It naturally raises the question: "Can the continuum and the lattice countable
infinity have the same number of degrees of freedom ?" In other words: Can the continuum to lattice
wave function relation be inverted ? We investigated this question in the coordinate space. It turned
out that it is possible to make the correspondence invertible with a smooth continuum limit if we
choose the function f (p) as:
f (p) =
√
d∆G
dp
=
1√
cos ap2
. (30)
The details of the arguments can be found in [18]. The ?-product of lattice fields is then defined as:√
cos
ap
2
˜ϕ1 ? ϕ2(p) =
2
pi
∫ pi
a
− pia
dp1√
cos ap12
dp2√
cos ap22
ϕ˜1(p1)ϕ˜2(p2)
∫
dξeiξ(∆G(p)−∆G(p1)−∆G(p2)). (31)
The coordinate representation of the ?-product is given by
(ϕ1 ? ϕ2)(0)(xn) =
a2
4
∑
n1,n2
Kn,n1,n2ϕ
(0)
1 (xn1 )ϕ
(0)
2 (xn2 ), (32)
where (0) denotes the coordinate fields corresponding after the species doublers truncation. The kernel
Kn,n1,n2 is completely symmetric in the three indices and is given by
Kn,n1,n2 =
∫ +∞
−∞
dξ J(0)
∆G
(ξ, xn) J
(0)
∆G
(ξ, xn1 ) J
(0)
∆G
(ξ, xn2 ), (33)
with
J(0)
∆G
(ξ, xn) =
1
2pi
∫ pi
a
− pia
dp√
cos ap2
eixnp−iξ∆G(p), (34)
where xn = na2 .
Lattice to continuum and continuum to lattice transformation of fields in coordinate space are
given by
Φ(ξ) =
a
2
∑
n
J(0)
∆G
(ξ, xn)ϕ0(xn),
ϕ0(xn) =
∫ ∞
−∞
dξ J¯(0)
∆G
(xn, ξ) Φ(ξ), (35)
where
J¯(0)
∆G
(η, ξ) = J(0)
∆G
(ξ, η) =
N
2pi
∫ pi
2
− pi2
dθ√
cos(θ)
eiN(ξgd
−1(θ)−ηθ), (36)
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Figure 2. Plot of J(0)
∆G
(ξ = 1, η) versus η at N = 100.
with N = 2a and gd
−1(θ) is given in (25) and we have also replaced xn = na2 with the continuum
variable η:
xn =
n
N
→ η (n→ ∞, N → ∞). (37)
It is interesting to recognize that the arguments η and ξ are interchanged for J¯(0)
∆G
and J(0)
∆G
. This is
similar to the Fourier transform and the inverse Fourier transform for eipx.
As we can see again the ?-product defined in (32) is nonlocal in nature. The first question here
is: "Is the locality of the ?-product recovered in the continuum limit ?" The answer is "yes". We can
show:
lim
N→∞ J
(0)
∆G
(ξ, η) = δ(ξ − η). (38)
See the details in [18]. This assures the recovery of locality for the ?-product (32) in the continuum
limit. The next question is "How much local is the ?-product ?" Here we show the explicit functional
dependence of J(0)
∆G
(ξ = 1, η) in fig.2. As we can see from the figure, around η = 1 there is a peak,
η < 1 it decreases exponentially, η > 1 it oscillates violently as an analytic continuation of exponential
damping and thus plays a role of delta function. In fact damping nature below and above η = 1 is thus
exponential in nature. We can observe that the nonlocal ?-product is effectively local in the continuum
limit.
We can now construct a continuum equivalent lattice field theory as follows:
(1) Write down the momentum representation of a continuum action.
(2) Replace the continuum derivative operator by ∆G(p) and the lattice momentum conservation by
the derivative operators conservation of ∆G(p).
(3) Replace the continuum wave function by the lattice wave function as:
ϕ˜A(p j) =
√∏
j
d∆G(p j)
dp j
Φ˜A( pˆ j) =
1√∏
j cos
ap j
2
Φ˜A( pˆ j). (39)
(4) Identify all the fields as given in eq. (14) and consider only the first quadrant of coordinate
space. We then obtain a continuum equivalent lattice action which has all the symmetries of the
corresponding continuum theory and no chiral fermion problem. The ?-product is now associative.
All these replacements together with the substitution of (39) can be summarized in the following
transformation from a continuum action to the corresponding lattice action:
e−Sˆ ∆G (ϕ˜) =
∫
DΦ˜A
∏
µ
pi
a∏
pµ=− pia
∏
A
δ
Φ˜A(∆G(p)) −
√∏
j
cos
ap j
2
ϕ˜A(p)
 e−S cl(Φ˜). (40)
It is interesting to recognize that the transformation (39) can be identified as a momentum represen-
tation of block spin type transformation. A typical block spin type transformation from continuum to
lattice can be given in the coordinate space as:
ϕA(n) =
∫
dx f (nl − x)ΦA(x), (41)
where f (nl − x) specifies blocking type. In this transformation the symmetries of the original action
are not necessarily preserved. Criteria for the symmetries to be maintained on the lattice, at least in
the Ginsparg-Wilson sense, were investigated in [20]. In our case, namely the blocking transformation
(40) the symmetries of original theory are preserved in the lattice action.
There is, however, a crucial feature of this formulation namely that the lattice formulation is not
yet regularized and the lattice constant is not playing the role of regulator. Nevertheless we have
obtained a lattice field theory formulation which has the same lattice symmetries as the corresponding
continuum theory have. We, however, need to regularize this lattice theory.
4 Regularization and renormalization in the new lattice
As a possible regularization we introduce regularization parameter zˆ into the regularized derivative
operator as:
∆
(zˆ)
G (p) =
1
azˆ
log
1 + zˆ sin ap2
1 − zˆ sin ap2
, (42)
which extrapolates between two typical conserved momenta:
lim
zˆ→0
∆
(zˆ)
G (p) =
2
a
sin
ap
2
, ∆(zˆ=1)G (p) = ∆G(p). (43)
For zˆ < 1 the regularized derivative operator ∆(zˆ)G (p) is bounded by
|∆(zˆ)G (p)| ≤
1
azˆ
log
1 + zˆ
1 − zˆ = pˆ
(cutoff), (44)
and thus plays a role of cut off momentum.
4.1 Wess-Zumino model in four dimensions
Let us consider as an example, the 4 dimensional Wess-Zumino model. The kinetic terms of the action
are given by:
S =
∫
d4x
(
iΨ†σ¯µ∂µΨ − ∂µΦ?∂µΦ
)
, (45)
where (σ¯µ) = (σ0,−σi). The action (45) is invariant on shell under the supersymmetry transforma-
tions:
δΦ = Ψ, δΦ
? = †Ψ† (46)
δΨα = −i(σµ†)α∂µΦ, δΨ†α˙ = i(σµ)α˙∂µΦ?, (47)
and can be written in momentum representation:
S =
1
(2pi)4
∫
d4 pˆ1d4 pˆ2 δ4 ( pˆ1 + pˆ2)
[
−Ψ˜†( pˆ1)σ¯µ pˆµ2Ψ˜( pˆ2) + pˆ1µΦ˜( pˆ1) pˆµ2Φ˜†( pˆ2)
]
, (48)
where Φ˜†( pˆ) is the Fourier transform of Φ?(x). As far as the kinetic terms of Wess-Zumino action are
concerned the action (48) can be written on the lattice according to the previous sections’s prescrip-
tions as
S (z) =
1
pi4
∫ pi
a
− pia
d4p1 d4p2
∏
µ
δ
(
p1µ + p2µ
)
·
·
[
−ψ˜†(p1)σ¯µ∆(zˆ)G (p2µ)ψ˜(p2) + ∆(zˆ)G (p1µ)ϕ˜(p1)∆(zˆ)G (pµ2)ϕ˜†(p2)
]
. (49)
Here the regularized momentum operator is used for the derivative operators. We can show that this
regularized lattice action is equivalent to the cut off version of the continuum action:
S (zˆ) =
1
(2pi)4
∫
| pˆµ |≤pˆ(cutoff)
d4 pˆ1d4 pˆ2 δ4 ( pˆ1 + pˆ2)
[
−Ψ˜†( pˆ1)σ¯µ pˆµ2Ψ˜( pˆ2) + pˆ1µΦ˜( pˆ1) pˆµ2Φ˜†( pˆ2)
]
, (50)
with
Ψ˜(∆(zˆ)G (pµ)) =
2ψ˜(p)∏
µ
√
d∆(zˆ)G (pµ)
dpµ
, Φ˜(∆(zˆ)G (pµ)) =
2ϕ˜(p)∏
µ
√
d∆(zˆ)G (pµ)
dpµ
. (51)
When the interaction terms are introduced the products are replaced by ?-product and the procedure
goes quite parallel. SUSY is exactly kept on the lattice.
The action (50) is the action of a free theory in the continuum where a cutoff on the components of
the momenta has been introduced. It is important to notice that in (50) the dependence on the lattice
constant a and the parameter zˆ, which was explicit in (49), is all contained in the value of pˆ(cutoff) which
is given in (44). As a consequence lattice actions (49) with different values of the lattice constant a
and of the parameter zˆ but corresponding to the same value of the cutoff pˆ(cutoff) according to eq. (44)
are physically equivalent, as they correspond to the same continuum theory (50).
The conventional continuum action is reached by letting pˆ(cutoff) → ∞. This can be obtained in
two ways, namely by either keeping zˆ fixed (for instance zˆ = 0) and taking the limit where the lattice
spacing a goes to zero (continuum limit), or by keeping the lattice spacing fixed and taking the limit
zˆ→ 1. The lattice structure is preserved in the limit.
4.2 Φ4 theory in four dimensions
The lattice field theory formulation that we are proposing is completely general so that we can apply
it also to non-SUSY field theories. Here we examine Φ4 theory. The momentum representation of Φ4
theory in four dimensions in the continuum is given by
S c =
∫
d4 pˆ1d4 pˆ2 δ(4)( pˆ1 + pˆ2)
[
−pˆµ1Φ˜( pˆ1) pˆ2µΦ˜( pˆ2) + m20Φ˜(pˆ1)Φ˜( pˆ2)
]
+ λ0
∫ 4∏
i=1
d4 pˆi δ(4)( pˆ1 + pˆ2 + pˆ3 + pˆ4) Φ˜( pˆ1)Φ˜( pˆ2)Φ˜(pˆ3)Φ˜( pˆ4), (52)
The lattice version of this continuum expression can be obtained by replacing derivative operators
and conserved momenta by the regularized lattice momentum pˆiµ = ∆
(zˆ)
G (piµ) and by replacing the
continuum wave function by its lattice counterpart:
Φ˜(∆(zˆ)G (pµ)) =
2ϕ˜(p)∏
µ
√
d∆(zˆ)G (pµ)
dpµ
. (53)
This essentially leads to a cut off theory of Φ4 theory in the momentum representation.
The introduction of the regulator zˆ in the definition of the lattice derivative is not the only possible
regularization procedure. Here we propose a different one, obtained by modifying the integration
volume with the introduction of a parameter α:
d4 pˆ1δ(4)( pˆ1 + · · · )Φ˜(pˆ1)→ d4p1δ(4)(p1 + · · · )
 4∏
µ=1
d∆G(piµ)
dpiµ

2α−1
ϕ˜(p1). (54)
The momentum representation of lattice Φ4 action can then be given by
S α =
∫ pi
a
− pia
d4p1d4p2
∏4
µ=1 δ(p1µ + p2µ)
[
−∆G(p1µ)∆G(p2µ) + m20
(∏
µ cos
ap1µ
2
)1−2α]
ϕ˜(p1)ϕ˜(p2)
+λ0
∫ pi
a
− pia
∏4
i=1 d
4pi
∏4
µ=1 δ
(∑4
i=1 ∆G(piµ)
) (∏4
i,µ=1 cos
apiµ
2
)−α
ϕ˜(p1)ϕ˜(p2)ϕ˜(p3)ϕ˜(p4), (55)
It is convenient also in this case to go back to the continuum representation, namely to use pˆiµ =
∆G(piµ) as independent momenta and Φ( pˆi), defined in (53), as fundamental fields. With this change
of variables we find:
S (α) =
∫ ∞
−∞
d4 pˆ1d4 pˆ2 δ(4)( pˆ1 + pˆ2)
− pˆµ1 pˆ2µ + m20(∏
µ cosh
apˆ1µ
2
)1−2α
 Φ˜( pˆ1)Φ˜( pˆ2)
+ λ0
∫ ∞
−∞
4∏
i=1
d4 pˆi δ(4)( pˆ1 + pˆ2 + pˆ3 + pˆ4)
Φ˜(pˆ1)Φ˜( pˆ2)Φ˜( pˆ3)Φ˜( pˆ4)(∏
µ
∏4
i=1 cosh
apˆiµ
2
)1/2−α . (56)
The kinetic term in (56) is the same as in the standard continuum theory, but the mass and the inter-
action terms are modified by the presence of the hyperbolic cosine factors which provide a smooth
cutoff in the momenta: in fact for α < 1/2 each hyperbolic cosine denominator becomes very large
for
pˆiµ  1a(1/2 − α) . (57)
At one loop level the ultraviolet divergent diagrams are the one loop mass renormalization dia-
gram, shown in fig.3, and the one-loop coupling renormalization diagrams illustrated in fig.4.
The propagator is given by
D(α)( pˆ1, pˆ2) =
∏
µ δ
(
pˆ1µ + pˆ2µ
)
∑
µ pˆ
µ
1 pˆ1µ +
(∏
µ cosh
apˆ1µ
2
)2α−1
m20
, (58)
which turns into the following after one loop correction:
D(α)1loop( pˆ1, pˆ2) =
∏
µ δ
(
pˆ1µ + pˆ2µ
)
∑
µ pˆ
µ
1 pˆ1µ +
(∏
µ cosh
apˆ1µ
2
)2α−1 (
m20 + λ0Iα
) , (59)
Figure 3. One-loop correction to the propagator.
(a) (b) (c)
Figure 4. One-loop corrections to the four point vertex.
where
Iα = b2
(
1
a(1/2 − α)
)2
+ b0 m20 log(1/2 − α) + regular terms, . (60)
Similarly coupling constant renormalization can be carried out:
λ0 −→ λ0 + λ20 (Iα(pˆ1 + pˆ2) + Iα( pˆ1 + pˆ3) + Iα( pˆ3 + pˆ2)) , (61)
where
Iα( pˆ) = c0 log(1/2 − α) + regular terms. (62)
It is interesting to realize that the nonlocal nature of the lattice formulation is reflected as the mo-
mentum dependent mass term and coupling constant in the equivalent continuum theory. Nevertheless
we can carry out renormalization procedure as in the standard treatment.
5 Conclusion and Discussions
We find a lattice formulation which is equivalent to the corresponding continuum theory. The problem
of the species doubler d.o.f. for chiral fermions is consistently avoided. Explicit relations between
continuum and lattice transformation of fields are derived and can be identified as a block spin type
transformation. The reversibility of the transformation requires a special choice of lattice translation
generator. The lattice formulation is nonlocal in nature but it recovers exponential locality in the
continuum limit. All symmetries including lattice SUSY of the corresponding continuum theory can
be kept exact, however, the regularized version still lacks associativity and thus lacks exact gauge
invariance although it is assured to recover in the continuum limit.
It is worth to mention that the continuum-lattice duality introduced at the classical level by the re-
versible blocking transformation can be extended to the quantum level, and the lattice actions obtained
in this way may be regarded as perfect actions [21, 22], with no lattice artifact in spite of finiteness of
a.
It is a natural question if this lattice field theory formulation can be numerically feasible to carry
out. The lattice field theory is nonlocal but all necessary expressions are well defined. Therefore we
consider that numerical evaluation is in principle possible. The most naive regularization procedure
for lattice regularization is to put the system in a box. Then the momentum is discretized then vanish-
ing constraints of the continuum momentum ∆G(p) in the delta function of (28) do not have a solution
in general[23]. This would cause another source of breaking symmetries. We can expect, however,
that all the breaking effects would be negligible in the continuum limit since in the infinite box limit
the lattice formulation is equivalent to the continuum theory.
In this approach lattice gauge theories and super Yang-Mills theories are still difficult to formulate
in such a way that the gauge symmetry is strictly preserved. It could, however, be possible to evaluate
the amount of breaking in the process of blocking transformation.
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